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Abstract 

We study the behavior of the abstract sectional category in the 
Quillen, the Str0m and the Mixed proper model structures on topo¬ 
logical spaces and prove that, under certain reasonable conditions, all 
of them coincide with the classical notion. As a result, the same con¬ 
clusions hold for the abstract Lusternik-Schnirelmann category and 
the abstract topological complexity of a space. 


Introduction 

It is well known that most numerical homotopy invariants of Lusternik- 
Schnirelmann type on topological spaces are derived from the sectional cat¬ 
egory or genus of a map, introduced by Schwarz in [15]. For a given map 
f:X —)■ y, its sectional category secat(/) is the smallest integer n such 
that Y can be covered by n -|- 1 open subsets on each of which / admits a 
homotopy local section. As this invariant appears in different settings, and 
in order to study it under a common viewpoint, in [1] the authors intro¬ 
duced the abstract sectional category in a J-category, for instance a (proper) 
closed model category satisfying the so called cube lemma (see next sections 
for precise dehnitions). This is done via two different notions, the Ganea sec¬ 
tional category Gsecat(/) and the Whitehead sectional category Wseca.t{f) of 
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a morphism / on a general model category C, which are shown to coincide, in 
a J-category [U Thm. 15]. Both equivalent invariants are denoted simply by 
secat(/), or secat^(/) if we want to stress in which category we are working. 
Then, in the topological setting, the classical sectional category of a map is 
precisely its abstract sectional category on the model structure of topological 
spaces in the sense of Strpm di (see next sections for precise dehnitions). 

Our main goal is to show that, under sufficiently general conditions, one 
can also recover this invariant from the abstract sectional category on the 
original Quillen model category structure [H] . Indeed, from now on, denote 
indistinctly by T either the category Top or Top^ of free and pointed topo¬ 
logical spaces. Also, denote by 7s, and Tq the Strpm and Quillen model 
structure respectively in T. Then, we prove (see Theorem 12.51 for a more 
precise statement): 

Theorem 0.1. Let f: X ^ Y be a map in which A, Y are of the homotopy 
type of locally compact CW-complexes. Then, 

secat'^®(/) = secat^^(/). 

In particular, in the free setting and with Y normal, any of these invariant 
yields secat(/). 

As a consequence, we show that these common invariants have a simpli- 
cial, and therefore, combinatorial description. Indeed, Let iSiSet denote the 
category of either free or pointed simplicial sets. Using the classical Milnor 
equivalence we deduce the following (see the hrst assertion of Theorem 12.111 
for a precise and more general statement). 

Theorem 0.2. Let f:X —)■ U be a map in which Y is normal and X,Y 
have the homotopy type of locally compact CW-complexes. Then, 

secat(/) = secat‘^‘^®*(Sing(/)). 

These results readily translate to widely studied LS invariants. Recall 
that the Lusternik-Schnirelmann category cat (A) of a given topological space 
in is the least integer n for which A can be covered by n -|- 1 open sets 
deformable to a point within A. On the other hand, the topological complexity 
TC(A) of A |6] is the least integer n such that A x A can be covered by 
n + 1 open sets on each of which there is a section of the path hbration 
A^ —)■ A X A which associates to each path its initial and hnal points. When 
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X is the configuration space associated to the motion of a given mechanical 
system, this invariant measures, roughly speaking, the minimum amount of 
instructions needed for controlling the given system. 

In a J-category C, the abstract Lusternik-Schnirelmann category cat‘"(X) 
of a given object X is defined as secat‘'(* —)■ X) where * denotes the 0-object 
of C [5]. In the same way, the abstract topological complexity TC‘'(X) is 
defined as secat‘'(A) where A: X —)■ X x X is the diagonal [1]. Then, the 
path fibration is homotopy equivalent to the diagonal, and for path-connected 
spaces one has 

cat(X) = cat^^(X), TC(X) = 

For the first equality X only needs to be normal and well pointed |3l Thm 
1.55], and T = Top^. For the second, T = Top and we require X x X 
to be normal [U Thm. 2.2]. Under these general hypotheses, the theorems 
above immediately imply (this is Corollary 12.81 and the second assertion of 
Theorem 12.lip : 

Corollary 0.3. For any space X of the homotopy type of a locally compact 
CW-complex, 

TC(X) = TC^«(X) = TC‘^‘^"*(Sing(X)), 
cat(X) = cat^^(X) = cat‘^‘^®*(Sing(X)). 

The next section is devoted to set the notation and present basic facts. 
In Section 2 we prove the results above. 

We thank the referee for his/her valuable remarks, corrections and sug¬ 
gestions which have improved both the content and presentation of the paper. 

1 Preliminaries 

In this section we present the basic constructions and some results about the 
abstract sectional category of a given morphism in a categorical setting |3]. 

We follow the usual modern approach, see for instance j2], and drop the 
original adjective “closed” introduced by Quillen in [H] when considering 
a model category C. For such a category we denote by fib, cof, and we 
the family of fibrations, cofibrations and weak equivalences respectively. A 
factorization of a given morphism / = po as a composition of a weak equiv¬ 
alence and a fibration is called an F-factorization of /. In the same way, a 
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C-factorization of / is a composition / = /i o z of a cofibration and a weak 
equivalence. Recall that a model category is proper pQ if weak equivalences 
are preserved by pullbacks along fibrations and by pushouts along cofibra- 
tions. From now on, every considered category shall be a proper model 
category. Remark also that such a category, if pointed, satishes all the ax¬ 
ioms of a so called J-category (see [1] or [3] for a precise dehnition) except 
that it may not satisfy the cube axiom 0 §1]. 

Given a category C endowed with two proper model structures {fibi, cofi, 
wei) and {fib 2 ,cof 2 ,we 2 ) such that wei C we 2 and fibi C /i& 2 , there exists 
another proper model structure {fibm,cofm,wem) on C, called mixed struc¬ 
ture, for which wCm = we 2 and fib^ = fibi [21 Thm. 2.1 and §4] (note that 
in this reference, the classical Quillen “closed” terminology is used). 

As there are slightly different approaches to homotopy pullbacks and 
pushouts in model categories, we include here the one we use. A commutative 
square 

f 

a' 9 


is a homotopy pullback if given an F-factorization of g (equivalently / or 
both), the dotted induced map D ^ E' is a. weak equivalence 



Here, E' denotes the pullback of p and /. This dehnition does not depend on 
the chosen factorizations. The notion of homotopy pushout is dually dehned. 

In a proper model category the join A*bC of two morphisms f: A ^ B 
and g: C ^ B is the object obtained by the pushout of i and 712 in the 
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following diagram, 


ZxbC 




7r2 

c 


A^b C 



where f = pop is any F-factorization, Z XbC is the pullback of g and p and 
Til = T o i is any C'-factorization. The dotted map induced by the pushout 
construction from A *5 (7 to B is called the join morphism of / and g. The 
join A*b C is well dehned and symmetric up to weak equivalence. Also, 
the weak equivalence class of the join map does not depend on the chosen 
factorization. 

On the other hand |H Def. 4] a morphim g: C ^ B is said to admit 
a weak section if, given an F-factorization g = p o r oi g and a cohbrant 
replacement B ^ B oi B (i.e., a trivial hbration in which B is cohbrant), 
there exists s making commutative the following diagram: 


C 


V 

E ^ 


B 


B. 


( 1 ) 


This dehnition does not depend on the made choices. 

Definition 1.1. [H Def. 8 ] Let fX — )■ F be any morphism in C. For 
each n > 0 we dehne the object A and the morphism X —)■ F 

inductively as follows: 

(i) ho = f: X (and so = A). 

(a) Suppose that hn-i '■ *y~^ A —)■ F has already been constructed. Then, 
hn is the join morphism of / and hn-i- 

The Ganea sectional category of /, denoted by Gsecat(/), is the least 
integer n < 00 such that hn admits a weak section. 

This notion is an invariant of weakly equivalent morphisms [U Proposition 
10]. In other words, if / and g are connected by a chain of weak equivalences 
in the morphism category, then Gsecat(/) = Gsecat(( 7 ). 
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Remark 1.2. The Whitehead sectional categoyWseca.t{f) of a given morphism 
can also be dehned by means of the abstract fat wedge |H Def. 12]. Moreover, 
if the proper model structure in C satishes the cube axiom, then [H Thm. 
15], 

Gsecat(/) = Wsecat(/) 

for any morphism /, and we denote this common invariant simply by 

secat(/) or secat‘^(f) 

if we want to stress the category in which we are working. Nevertheless, we 
have chosen the Ganea approach as it hts better in our arguments. 

Next, we recall that a covariant functor /r: C V is said to be a mod- 
elization functor [5l Def. 6.1] if it preserves weak equivalences, homotopy 
pullbacks and homotopy pushouts. The following helps to detect modeliza- 
tion functors and when such functors preserve the abstract sectional category 
in any of its versions. 

Proposition 1.3. [Sj Prop. 6.5] Let a: C ^ V: ft be a pair of adjoint 
functors (a is left adjoint) such that: 

(i) a and ft preserve weak equivalences. 

(a) a preserves cofibrations and ft preserves fibrations. 

(Hi) The adjunction maps X ^ ft o a{X) and a o fdiY) —)■ Y are weak 
equivalences for any objects X, Y. 

Then, a and ft are modelization functors. 

Theorem 1.4. [U Rem. 25 and Gor. 26] Let p: C ^ Tt>: u be modelization 
functors and let f be a morphism in C such that zz(p(/)]) is weakly equivalent 
to f. Then, 

Gsecat®(;u(/)) = Gsecat‘'(/) and Wsecat^(/i(/)) = Wsecat‘'(/). 

Finally, recall that the abstract Lusternik-Schnirelmann category cat(X), 
or cat^(X), of a given object X in C is dehned as O §3], 

cat(X) = secat(* —)■ X), 

where * denotes the initial object. In the same way, the abstract topological 
complexity TG(X), or TG‘'(X), of a given object X is dehned as [H §3.1], 

TG(X) = secat(A), 

where A;X—)-XxAisthe diagonal. 
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Remark 1.5. Here, as C is not assumed to be a J-category, i.e., it might 
not be pointed, we have to specify the initial object in the dehnition of 
cat(X). In the next section, see Remark 12.71 below, when we identify the 
classical Lusternik-Schnirelmann category of a topological space with its ab¬ 
stract counterpart, we do so only in the based setting Top^ where the point 
is the initial object. In the same way, we will identify the usual topological 
complexity of a topological space only in the free setting Top. In this case, 
whenever Theorem 11.41 is invoked, we will be using its “unpointed” version 
[U Thm. 27 and Cor. 28] for which the modelization functors are required 
to preserve the hnal object. 

2 Sectional category in model structures on 
topological spaces 

Recall that in Top, the category of topological spaces and continuous maps, 
there are two standard structures which make it a proper model category. 
The hrst one, in which the hbrations are the Serre hbrations, the weak equiv¬ 
alences are the weak homotopy equivalences and the cohbrations are those 
morphisms that have the left lifting property with respect to all trivial £- 
brations, was dehned by Quillen in [H]. The other, introduced by Strpm 
in mi. has as hbrations the Hurewicz hbrations, as cohbrations the closed 
topological cohbrations and as weak equivalences the homotopy equivalences. 
These structures are inherited by Top^, the category of pointed spaces and 
pointed maps. Unless explicitely stated otherwise, we will make no distinc¬ 
tion between the free and pointed setting and denote either Top or Top^ 
by T. In the same way Ts and Tq will denote the corresponding Strpm or 
Quillen proper structure. 

Associated to these structures we can also consider the proper model cae- 
gory given by the mixed structure both in the free and pointed setting, which 
we denote by Tm- For it, the mixed hbrations are the Hurewicz hbrations, 
the mixed weak equivalences are the weak homotopy equivalences and the 
mixed cohbrations are those morphisms which have the left lifting property 
with respect to all trivial hbrations. It has been shown [2l Ex. 3.8], [T^ Cor. 
17.4.3], that the cohbrant objects in Tm are exactly the (well pointed in the 
based setting) topological spaces with the homotopy type of a CW-complex. 

Remark 2.1. In the following, and to assure the cohbrant character on the 


7 






mixed structure, any space of the homotopy type of a CW-complex shall be 
well pointed whenever we refer to the based setting. 

The following result is crucial for our purposes. 

Lemma 2.2. Let f: A ^ B and g\ C ^ B he two maps in which A, B and 
C have the homotopy type of CW-complexes. Then, the join object A*b C 
computed in Ts can he chosen to he the same as the one obtained in Tm- 

Proof. To build the join in the Strpm structure, choose an F-factorization 
/ = p o u of f, where i/ is a homotopy equivalence and p is a Hurewicz 
hbration. Then, observe that this is also an F-factorization in the mixed 
structure, since the class of the hbrations is the same in both structures 
and every homotopy equivalence is also a weak homotopy equivalence. In 
particular, the factorizing object Z as in diagram ([2]) below turns out to be, 
by the observation above, a cohbrant object in the mixed strnctnre. 

The second step is to consider the pnllback Z Xb C of p and g, which 
is the same object in both model strnctnres. Note that Z Xb C has the 
homotopy type of a CW-complex (see for instance [161 Thm. 7.5.9]). 

Next, we take a C-factorization of the projection tti : Z XbC ^ Z m the 
Str0m strnctnre throngh its mapping cylinder M,ri • That is, tti = r o z in 
which i\ Z Xb C ^ is a closed topological cohbration and r: ^ Z 

is a homotopy eqnivalence. 

The key point is that this is in fact a C-factorization of tti in the mixed 
strnctnre. For it observe that has the same homotopy type of a CW- 
complex as r is a eqnivalence. Hence, it follows that z is a cohbration in the 
Str0m strnctnre between objects that are cohbrant in the mixed strnctnre. 
We now apply [21 Cor. 3.12] by which every cohbration in the Str0m strnctnre 
between mixed cohbrant objects is also a mixed cohbration. Thus, z is a 
mixed cohbration and therefore, tti = r o z is also a C-factorization in the 
mixed strnctnre. Hence, the following construction 



□ 


holds in both model strnctnres and the claim follows. 






Remark 2.3. Observe that since 0 §11, Prop. 8.1] holds, the join object 
A*b C constructed in the previous proof is a cohbrant object in the mixed 
structure, that is H.lia Cor. 17.4.3], it has the homotopy type of a CW- 
complex. Moreover, the join morphism j\ A*b C B constructed in dia¬ 
gram ([2]) above is the same in the two model structures, since it only depends 
on the universal property of pushouts. 

Lemma 2.4. Let A, B, C he spaces of the homotopy type of CW-complexes 
and let j: A *B C B be the join morphism constructed above. Then, j 
admits a weak section in Ts if and only if it admits a weak section in Tm- 

Proof. It is clear that if j admits a weak section in the Strpm structure, it 
also admits a weak section in the mixed one, since every F-factorization in 
the Strpm structure is also an F-factorization in the mixed one. 

Conversely, suppose that j admits a weak section in the mixed structure. 
Recall that A *b C is cohbrant in the mixed structure by Remark 12.31 and 
observe that it is always possible to choose an F-factorization through a coh¬ 
brant object. Then, by the Whitehead Theorem, the mixed F-factorizaton 
of j required for the weak lifting (see diagram ([1])) can be chosen to be also 
an F-factorization in the Strpm structure. Hence, the thesis holds. □ 

We are now ready to prove our main result. 

Theorem 2.5. Let f: X ^ Y be a map in which X and Y are of the homo¬ 
topy type of locally compact CW-complexes. Then, secat^(/) and secat^(/) 
are well defined and 

secat^®(/) = secat'^*^(/) = secat'^^(/). 

Proof. First, note that secat^® is well dehned as both, in the free and pointed 
setting, the Strpm structure satishes the cube axiom [HI §5] and it is a J- 
category when restricted to the full subcategory of well pointed spaces. Also, 
it is straightforward to check that the full subcategory of Tm consisting of 
the topological spaces with the same homotopy type of a CW-complex is a 
J-category, except that it is not pointed in the free setting. Therefore, by 0 
Thm. 15], secat^*^(/) is also well dehned for any / as in the statement since 
Gsecat^*^(/) = Wsecat^*^(/). 

We now work with the Ganea version of sectional category to prove that 
secat^®(/) = secat^^(/). By hypothesis, we may apply Lemma 12.21 and 
Remark 12.31 to prove inductively that for each n > 0, the nth join is 
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cofibrant, i.e., it has the homotopy type of a CW-complex. Moreover, the 
join map jn'- *y X ^ Y can be chosen to be the same in both the Strpm 
and the mixed structure. Then, by Lemma 12.41 jn admits a weak section in 
the Str0m structure if and only if it admits a weak section in the mixed one. 
Hence, the claim follows. 

Next, we see that secat‘^(/) is well dehned and secat^^(/) = secat^(/). 
For it, consider the adjunction given by the identity functors 

Id: 7 q ^ 7m: Id, 

and observe that they satisfy the hypothesis of Proposition fOl Hd: Tq —)■ Tm 
is the left adjoint). Hence, by Theorem 11.41 we obtain that for any morphism 
g in T, not necessarily under the hypothesis of the theorem, 

Gsecat^*^ (^f) = Gsecat^®( 5 f) and Wsecat^*^( 5 f) = Wsecat^®( 5 f). 

Thererefore, with / as in the theorem, Gsecat^(/) = Wsecat^*^(/) and 
the claim follows. In the pointed case note that there is no difference be¬ 
tween secat^^ and the one computed in the full subcategory of well pointed 
topological spaces of the homotopy type of GW-complexes. □ 

Remark 2.6. We have explicitely shown that, with / as in Theorem 12.51 
secat^(/) and secat^(/) are well dehned as at this point we are not aware 
of whether the Quillen or mixed structure on T satishes the cube axiom or 
not. 

On the other hand, if the reader wishes to work only with the Ganea 
version of sectional category, the locally compactness hypothesis in Theorem 
12.51 is not necessary. 

Remark 2.7. As asserted in the Introduction, 

secat(/) = secat^^(/), 

for any map / : X —)• H in T = Top with Y normal [3 Thm. 2.2]. Hence, in 
this case, and under the hypothesis of the theorem above, this invariant also 
coincides with secat^J. Moreover, for path-connected spaces, and as long as 
X is normal and well pointed in the hrst equality, and X x X is normal in 
the second, we have, 

cat(X) = cat^«(X) and TC(X) = TG'^®(X). 
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Here, as stated in the Introduction, T = Top^ for the first equality and 
T = Top for the second. In this way, and to avoid excessive notation, 
whenever any of the classical notions secat(/), cat(X) or TC(X) appears 
henceforth, we implicitly make the above topological assumptions. 

In view of this remark and Theorem 12.51 we deduce: 

Corollary 2.8. Let X be a space of the homotopy type of a locally compact 
CW-complex. Then, 

cat(X) = cat^s(X) = cat'^«(X), TC(X) = TC'^®(X) = TC'^«(X). 


□ 

Example 2.9. In general, secat^® and secat^ are different invariants. In¬ 
deed, let X be a path-connected, non contractible space which has trivial 
homotopy groups (e.g. the Warsaw circle). Hence, both A: X ^ X x X and 
* —?• W are weakly equivalent to the trivial morphisms >■*, 

and therefore cat^^(X) = TC^^(X) = 0. On the other hand, as X is non 
contractible, cat^®(X), TC^(X) > 1. 

As an application we hnish by relating these invariants with the cor¬ 
responding ones in the simplical category. Denote by iSiSet the category of 
either free or pointed simplicial sets endowed with the proper model structure 
in which the fib =Kan hbrations, cof =injective maps and we =homotopy 
equivalences of simplicial maps [H]. Consider the classical realization and 
singular pair of adjoint equivalences, 

I • I: iSiSet ^ T : Sing, 

where the Sing is the right adjoint. 

Proposition 2.10. For any morphism f & T, 

Gsecat’^‘5(/) = Gsecat‘^‘^®*(Sing(/)), Wsecat'^^(/) = Wsecat‘^‘^®*(Sing(/)). 

Proof. Simply observe that, when choosing the Quillen structure 7 q, the 
adjoint functors | • | and Sing trivially are modelization functors which satisfy 
the hypothesis of Theorem 11.41 □ 

Hence, applying directly Theorem 12.51 and Corollary 12.81 we obtain. 
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Theorem 2.11. Let f be a map between spaees of the homotopy type of 
loeally eompaet CW-complexes. Then, secat‘^‘^®*(Sing(/)) is well defined and 

secat(/) = secat‘^‘^®*(Sing(/)). 


Moreover, for any spaee X of the homotopy type of a locally eompaet CW- 
eomplex 

cat(X) = cat‘^‘5"*(Sing(X)) and TC(X) = TC‘^‘5'^*(Sing(X)). 


□ 
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